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Abstract: To capture the interactive effects of
market liquidity regimes, price impacts, and
liability levels on investment strategies, a
Markov regime-switching mechanism is
incorporated into asset-liability management,
establishing a stochastic optimal control model
with state-dependent liability processes. The
results indicate that the liability growth rate

influences strategy selection by altering
investors’ risk tolerance and repayment
pressure: investors adopt conservative

strategies to hedge against repayment risk
under high growth rates, while pursuing
aggressive strategies for higher returns under
low growth rates. Regime transitions in market
liquidity moderate the aggressiveness of
strategies, and the joint effect of liabilities and
market frictions further influences the
adjustment speed and long-term robustness of
trading strategies.
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1. Introduction

Asset-liability management (ALM) is a core
function for financial institutions such as
insurance companies, pension funds, and banks.
Its primary objective is to achieve financial goals
through optimal asset allocation while meeting
current and future liability requirements.
Traditional ALM models are often based on the
assumption of a static market environment,
neglecting the impact of macroeconomic factors,
policy adjustments, and market sentiment on the
dynamic evolution of asset returns, volatility, and
liability demands. To more accurately capture
these characteristics, this paper introduces a
Markov regime-switching mechanism into the
ALM research framework.

Chen et al. [1], Xie [2] and Li et al. [3] applied
this model to continuous-time ALM problems,
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demonstrating that state-dependent asset returns
and liability dynamics significantly influence
optimal investment strategies. Wei et al. [4]
further extended regime-switching to multi-period
ALM problems, emphasizing the importance of
studying regime shifts for asset allocation and risk
management. Recently, Chen et al. [5] explored a
robust ALM problem under the CRRA utility
framework with  regime-switching in a
continuous-time setting, effectively addressing
decision-making under model uncertainty.

With the continuous development of market
microstructure theory, incorporating market
frictions into asset-liability management has
become increasingly important. Most traditional
studies assume an 1ideal frictionless market,
overlooking real-world constraints such as
transaction costs, liquidity restrictions, and price
impacts. In practice, large trades by institutional
investors often lead to significant price distortions
[6-9]. Berry-Stoizle [10] first introduced market
frictions into the study of ALM for property
insurance. Berry-Stoizle [11] further revealed the
influence of liquidity risk and transaction costs on
asset allocation strategies. However, such
research primarily relies on numerical methods
and still lacks theoretical support in the form of
analytical solutions, especially in the context of
multi-asset portfolios and complex friction

scenarios.
In recent years, several studies have begun
integrating market frictions with

regime-switching mechanisms. Ma et al. [12],
working within the framework of Markovian
jump linear systems, solved for the optimal
strategy via coupled Riccati differential equations
and found that the type of price impact
significantly alters investors' trading behavior
patterns. Yan et al. [13] proposed a "target
tracking strategy," further revealing the opposing

mechanisms through which temporary and
permanent price impacts influence trading
behavior.

To date, no study has systematically incorporated
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liability management, a Markov regime-switching
mechanism, and market frictions involving both
temporary and permanent price impacts into a
unified analytical framework. Therefore, this
paper constructs an asset-liability management
model that integrates regime-switching and price
impacts. The model assumes that the dynamics of
assets follow a multi-dimensional geometric
Brownian motion, introduces a mean-reverting
return prediction signal to capture return
predictability in financial —markets, and
simultaneously models the liability process as a
regime-dependent geometric Brownian motion.
Based on the dynamic programming principle,
this paper transforms the ALM problem into a
computational problem involving a system of
coupled Riccati differential equations, and
demonstrates that the value function and the
optimal feedback trading strategy can be
expressed through the solution of this system.

2. Model

Let (Q,%F,P) be a probability space endowed
with a filtration #=(%,) »(, which is generated by
an n -dimensional standard  Brownian
motion (Wf)tzo , an m -dimensional standard
Brownian motion (W’:)tzo, and a continuous-time,
homogeneous, stationary Markov chain (a,)s,
all of which are mutually independent. The
Markov chain ()9 is defined on a finite,
canonical state space E={e1,ez,~ : ,ek}, where
each state is represented by a unit vector e; (with
the i-th component being 1 and all others 0). Its
transition  intensity =~ matrix is given
by H::(”i,j)l <ijk where for each i#,7;;>0, and
T =" jz ;. The matrix element 7;; represents
the instantaneous transition intensity of the
Markov chain (a,)s¢ switching from state i to
state j.

We consider a financial market comprising one
risk-free asset and n risky assets. The price
dynamics of the risky assets are described by a
multi-dimensional geometric Brownian motion:

dp, = diag(P)[ (7, (a,) 1+ B(a)f, )dt

» )
+a,(a,)aW, |,

Pt:(PltaPZza' : ,pn,) , diag(P)
denotes the diagonal matrix whose diagonal

elements are the components of P, ); W' is

where

an n -dimensional & -adapted Brownian motion
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capturing market randomness; r{@,) represents
the state-dependent risk-free rate;
andty(a) =r/a,)1+B(a,)f; € R"andf=E€ R""deno
te the state-dependent drift vector and volatility
coefficient matrix of the risky assets, respectively.

. T .
In Equation (1),ﬁ:(flnfzt,. ) ER" isa
vector of return predictors associated with the
state-dependent factor loading matrixB(a,) € R,
whose dimension can differ from the number of
risky assets. The return predictor f; is assumed to

follow a stationary Ornstein-Uhlenbeck process:
df;=—D(a)fdtrafa)dW, (2)
Where @(o,) ER™™ is the state-dependent
mean-reversion matrix, Wfis an m-dimensional &
-adapted Brownian motion which may be
correlated with W7, and ofa)ER™" is the
state-dependent volatility coefficient matrix of the
return predictors. Furthermore, thestate-dependent
covariance matrices for therisky assets and the

return predictors are given by
Z:p(O‘t)3:0';7(0‘t)0'p(0‘t)T and X((a,):=or (051)0'](0%)T >
respectively.

Let the portfolio's positions in the risky assets be

denoted by x=(x1 %15
Garleanu and Pedersen [8], the investor
dynamically adjusts the portfolio by choosing a
trading intensity (7,)0 , which determines the
instantaneous rate of change of the positions
(x)0 as follows:

: ,xm)T .Following

dx~=t,dt 3)
where 7,>0 is the time-dependent trading strategy,
reflecting the investor's dynamic portfolio
adjustment decisions under different market
regimes.

The company's asset value at time ¢ is defined as
a;, and it is assumed to satisfy the following
stochastic differential equation in a frictionless
market:
da, = rf(a[)(al - X, l)dt W
+x, diag (P,) " dP..
However, market frictions are prevalent in
real-world trading. For an instantaneous trading
strategy 7, , it is assumed that the average
. L 1
execution price increases by EA(a,)r, ,where
A(o,)) ER™™" is a state-dependent symmetric
positive definite matrix (commonly referred to as
the multidimensional Kyle’s A matrix), which
measures the level of transaction costs. Let P,
denote the average execution price under the
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trading intensity 7,. Then, we have:
- 1
P=P+ —dlag(P,)A(a!)‘rl
2

| 5)
:diag(P,)(1+EA(a/)‘r/j

Therefore, combining with Equation (5), the
temporary transaction cost TC(t,)dt inducedby the
trading strategy 7, is expressed as:

TC(,)dt = (diag(P) 't dt) P

t

-7, 1dt (6)

1
=—1, A(a,)7dt
2

Furthermore, trading activity simultaneously
induces both permanent and temporary price
impacts. When an investor submits a buy (or sell)
order, the order causes a permanent increase (or
decrease) in the price of the risky asset. To
capture this, a price distortion process D, is
introduced, whose dynamics satisfy the following
equation:

dD=R(a,)D,dt+C(a,)rdt, (7)
where  Dy=0,.; , Cla)ER"™" is the
state-dependent permanent price impact matrix,
describing the permanent price change per unit of
trading intensity; and R(o,) ER™” is the
state-dependent  market resilience = matrix,
characterizing the decay rate of the price
distortion.
In the presence of both permanent (Equation (7))
and temporary (Equation (6)) price impacts, the
dynamics of the firm's asset value in (4) further
follow the equation below:

dat=;ff(a,—x,T l)a’t-bctT [(diagP,)!
&dP+dD,]-TC(x,)dt
&={rfa)arx] [BlaYdi—R(@) (8)

1 T
& D+ Cla)r—57, Aapyr}di

&er: O‘P(at)dey
In this equation, rf(at)at captures the risk-free
return, while x, = [B(a,)fdt - R(a,) Di+C(a,)]
return from risky
price  distortion.The
x; op(a,)dw? reflects changes in asset value due

assets
term

represents  the
incorporating

. 1
to market volatility, and 3 T; A(a,)r, accounts

for the temporary transaction costs and the direct
capital outflow resulting from trade execution.

Following Xie [2], Zhang and Chen [14], as well
as Zhu et al. [15], this paper models the
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company's liability process using a geometric
Brownian motion. Furthermore, it is assumed that
the liability process is influenced by a Markov
regime-switching mechanism, specified as
follows:

dl=l, [ﬂl(at)dt+0' f(o)d Wﬂ ©)
where W! is an & -adapted standard Brownian
motion, which may be correlated with W/ and

W; . The correlation coefficient vectors are
denoted as p,;ER" and p;E R" respectively. To

simplify notation, we define:
Y(a)=o(aER . L, (%)=0,(a)p,
o/(a,) € R"andZp(a,):=ofo)ppo(a,) ER™.
Then, combining Equation (8) and Equation (9),
the company's net asset value S;:=a,—/; satisfies:
ds, ={r ()8, +(r,(a,) - (),

+x, [B(a)f, -R(a,)D,

(10)

+C(at)1',]—%r[ A(a,)‘rr}dt

+x, 6,(a,)dW’ - o (a,)ldW',

t

3. Objective Function

The investor's objective is to maximize the
discounted sum of the net asset value returns,
based on a local mean-variance criterion, over the
trading horizon ¢<[0,7] . Accordingly, we
consider the following objective function:

J(tx,D.flLe;n):
=E,[[Te?s ) (E,[dS,7(,)Sds]

&=L Var, [dS;if/(at)Sgds])]
&=E, [J. zT e_p(s_t){(’f /(at)_:ul(at)) I8
&+x; [B(oy);~R(@)Ds+Cla)r,]
&1, Mar2[x] Zalax,
&2, (a)B-2x] Zp(a)l ]} ds].
and seek an optimal trading strategy * &4 that
maximizes the objective function, i.e.,
J (t,x,Dzﬁl,ei;r* )
=maxJ(tx,.Dfle;n)  (12)
subject to the following system constraints:
dx/~t,dt, ‘
df=D(a,);d+afa)dW,
dD=—R(a,)D,dt+C(o,)dt,
dl=1, [ﬂ[(a,)dt-i-oy(at)d Wﬂ > (13)
Here, (a,)p is a continuous-time Markov chain
with transition intensity matrix I1, p>0 is the

discount rate, >0 is the risk aversion parameter,
and E,[- ]and Var[- ]denote the conditional
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expectation and conditional variance operators,
respectively, given the information set%; at time
L.

Note: To simplify notation, the objective function
(11) is denoted

as J(tx,DfLit* y=JtxDflese ) » and the

value function is denoted as
Vex,DfLi)):=Vtx,Dfle) Model parameters
under state i  are uniformly represented

as: Bi:=B(e) , ri=r(e;) , C;=Cle) , Ni=Ale) ,
T=Ee) s BEE@) L Th=Xie) o Bi=0(e) |
!
R,~:=R(e,~),/¢f:=yl(e,-),2§l :=Eﬂ(el~),2f =X,/(e;).-Accord
ing to dynamic programming theory, the
Hamilton-Jacobi-Bellman (HJB)equation

corresponding to the value function V'is given by:
pV(t,x,D,f,1,i)

{al/(t,x,D,f,l,i)
=max{————

ot
+LV (6x,Df,Li) + (1 - p) )1

teR”

1
+X [B,ffR‘DJrC,T]—ET AT (19)
_L(X L/x+3’-2x E/'1)
2
> 7, [V(Lx.D.1,1, )
j#i
-7 (t,x,D.f,1,i)}

where,
LV(t,x,D,1,1,i)

o A :
_ (t,x,D.f,1,i) Ti@V(t,x,D,f,l,z) of
ax o ’
A aV(t,x,D,f,l,i)):’/ +6V(t,x,D,f,l,i)
2 afer al (15)
10V (t,x,D,f,5i) ,, oV(t,x,Df,1Li
ﬂ,/1+ 0 (t,x,ﬂ X ,1,1)2’,17 +o (1. L,i)
2 ar ofal
v (t,x,D.f,1,i) (

):‘,.ﬂl +
the terminal condition isV(7,x,D,f,1,i)=0.

-RD+C1),

4. Study of the Optimal Trading Strategy
Following Ma G et al. [12], the solution to the
aforementioned HJB equation (14) can be
obtained by solving a system of coupled Riccati
equations. Denote the time derivative of a
function F(¢) as F(¥).
Theorem 1 The solution to the HIB equation (14)
admits the following quadratic form:

V(t,x,D,8,1,i) = A (1,i)+ 4 (t,i)

X

n D 0 (16)

~ == g =
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Where,
_Axx(t’i) AxD (t:i)

AID(tsl) ADD(tsi)

Ax/‘(t’l) Axl(t’i)

Q= T 5 T . . .
Axf (tsl) AD/(tsl) Aff(tal) Aﬂ(tal)
A;[ (tsl) A;[(tsl) A;] (tsl) All(tsl)
and

A1), Ag(ti) , Ay(ti) , App(ti) , Axft:0) , Aep(ti)
Apft,i), Ay (t,0) , Ap/t,i) , Ap(t,0) , A(t,i) , A(t,i) are
given by the solution to the following system of
coupled Riccati differential equations:

&AWty A (L) 7]

&= T my A TEL(LD) AT E(8),
&A, p(ti)=pA,p(t,i)+r;1,+R;
&+A, ()R~ j}i] T Ap(ty)
&—E, (i) A'Ep(t,),
&App(t)=pApp(LiyR; App(t,i)
&+App(t)R;~ j}i] m; App(t)
&—Ep(ti) A'Ep(t,i),
&dy(tiy=pAy(ti+@; Ay(t)

St Ay(ti)" D~ 7 7y Ay(t))
&—E/(ti) A E(ti),

& A, (t,1)=pA [0+ A [LD)D;

& B~ I 7y A(ty)

&—E (1)) A'E(1),
&Apti)=pApfti)tR] Apt.i)
&+Apt,i) D~ /’i i Apt))
&—Ep(t,i)’ Af'Ef(t,i),

Sy (tiy=pA(tiyHyZi—2uid (1)
&ALz~ A,-nll my Aity)
&—E(ti) A'E(t,i),

&A (1Y =p A (L) A (6D
&= " my A(t)

&—E (1) A;E(ti),
&ADi(f»i):PAD/(t»i)_ADz(f,l')ﬂf
&+R; Apf(tiy= ) wy Api(ty)
&—Ep(ti) AE(t,0),
&Ap(t,)=pAp(ti)+A(1,)P;
&*Aﬂ(fai)/lf* j}i] my Ap(t))
&—E(t,0) AVE(t),
8AtD=pAti)—ril, i1,
&A= An(ti) =]

&= 1wy A (t)),

&A () =pA ()3 tr(A()E])
& " miAL).

(17)
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where
E(t,i):&=C; —A(t)
+C; Ap(ti)

4 Ep(t,i):&=Ap(tiy+C; App(ti), (18)

E(t,i):&=A,(t,iy+C; Apft.i),
i

E(t,0):&=A(t,)+C; Ap/(t,i).

The terminal condition for system (15)
Axx(Tai):Oan > ADD(Tai):Oan s AxD(Tai):Oan >
AfTD)Z0pm , AATD)Z0psy , App (T51) =0,
A(T0)=0,x1, Apf(T.0)=0,x1 , Ap(T.0) =01 , Ai(T)=
A,(T i) = A(T,i)=0.

Accordingly, the optimal trading strategy can be
derived as:

T* (t5 X’ D’ f’ l’ i)
=A,'[E,(t,)x+E, (1,)D (19)
+E, (i) +E, (t,) |

Proof For /=1, - - k, taking the first-order
condition with respect to 7 in the HIB equation

(14)

yields oV (1,x,D,1,1,i)

ox
+CZT Mt’xa’—gf’m] ,We now postulate a solution for
V" of the form given in (16), where the symmetric
matrices A, (i)« Agti). App(t,i) ; the matrices
ij(tai)\ AxD(t’i)‘ AD](tri)\ Axl(tai)‘ ADl(tai)‘ Aﬂ(t’i);
and the scalar functions A;(,i)- A,(t,i)~ A, are all
state-dependent parameters to be determined.
Substituting this ansatz into the first-order
condition and then back into the HJB equation
(14), we derive the system of coupled Riccati
equations (17) and the optimal trading strateg 7*

(19) by matching the coefficients of the terms

¥ )ef (COADT (DS () (A
x' ( )D\ X' ( )l\ D" ( )f‘ D' ( )l\
f* (+ )land the constant term.

This theorem shows that, within a framework
accounting for market liquidity, the optimal
investment decision problem can be transformed

S [

into solving a system of coupled Riccati equations.

By solving system (17) and determining the
analytical forms of the coefficient matrices, we
obtain the explicit optimal trading strategy (19).

This strategy exhibits a clear linear feedback form,

where the trading intensity is determined by the
current holdings x, the price distortion process D,
the return prediction signalf, the liability level /,

http://www.stemmpress.com

and the liquidity state, with dynamic adjustment
achieved through the time-varying coefficient
matrices E,Ep,ELE; .
When C=R=0,., (i=1, k), the HIB
equation (14) simplifies significantly. Under this
condition, market frictions arise only from linear
temporary price impacts. From the dynamics in
equation (7), if C;=R;=0,,,, for all i,then D~=0,;.
The following corollary provides a classical
analytical solution to the HJB equation (14) under
this specific condition.
Corollary 1 When C;=R;=0,,, the solution to the
HIJB equation (14) is given by:
V' (t,x,£,1,i)
:—%x Ajf\f(t,i)x+%f A (D)
(20)
AT DE+X AZ(LDE+x AT (1D
+f AT (D + A (80 + A” (1,0),
where
AR (i) A @0) A (1), A (), A (0) A7 (1),
AP (i) ,AZ” (t,i) is the solution to the following
system of coupled equations:
&A (tiy=pAf (1, i+, A (1)
&—A (tiyi= 7 7y A7 (1)
&AL (LD AT A (8),
&A?P(t») pAnp(tal)_rl n+‘ui1n
& (L) -AP (i) =
&— s ln'yA P(t)),
&A™ (t,)=pA™ (1, z)——tr(A””(z h)
- j—]”tj np(tz])
&AY (L= AN (L))
&~ T my AR AR A AR @),
”P(n) A (i), AL (1,1) 21
&HAL (L) O 1y AT (1)
&=A(ti) AT ALL0),
&Anp(tz) pA (t1)+A (tz)d) —B;
& M my "‘"(tz/)+A"‘"(t 0" AT A @),
&4, (ti)y=p A}/ (¢, z)+y21—2u, 7 (8,1)
&AL (ti)z- nUAH‘"(tz])
&AW (i) A LAY (1,0),
&AL (tiy=p Ay (t,i)y—Ary (1t
A A (%)
&AL (i) A AT (1,0),

the terminal condition 1S
ATy s AF T, A (T

A(T,i)= 0,:x1 s A;l[p(ni)zomﬂ

b
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AT i) = A" (T, i) = AP (T,i)=0.
Accordingly, the optimal trading strategy can be
derived as:

T (¢, x,f,1,0)

= A [-AY(ti)x (22)

+ AT (D + A (6D ],
We conclude this section by presenting a
verification theorem.
Theorem 2 Suppose the coupled Riccati system
(17) (or (21)) admits a classical solution. Then the
value function V" in (16) (or V) in (20)) is the
solution to the objective function (12), and the
investor's optimal trading strategy given in (19)
(or (22)) solves the optimization problem (12).
Proof Since the value function in (17) is a
quadratic function of the state variables (x.,f,D./),
we follow the standard proof of the verification
theorem [16] to show that under the optimal
trading strategy 7* , the processes (x;)so in (3)
and (D)po in (7) admit strong solutions.
Specifically, we need to verify that the optimal
trading strategyr* € 4.
The process (a)>¢ 1s a finite-state Markov
regime-switching process, independent of the
Brownian motion (VV;)tEO‘ From equation (2), for
any p>1, the process f; belongs to the space
L‘?,{O,T R™), ie., f, is an % -adapted process
taking values in R" and satisfies
E[ o IilP di|<oo which indicates that the

expectation of the p -th moment of f; integrated
over [0,7] is finite.

As for the liability process /,, the coefficients !
and ¢  are bounded and adapted, and
independent of the Brownian motion(J#%),y. From
equation (9), for any p>1, the process(/;)belongs
to the space L;(O,T ;R") .That is, [, is an
; -adapted process taking values in R" ,
satisfyingF [ OTIIZtIIP dt] <c0.

Next, we substitute the expression for * from
(19) into equations (3) and (7), respectively. The
resulting dynamics of the variables (x,)>y and

(D;)sounder the optimal trading strategy are given
by

) <A (Crti) +C] () x) A (At

C; App(t)) Dy +A7 (Ay(tiyC) Ap/t)f
AT (Au(tiye G Api(ei)) 1| deap] =
{ca(c -A +C A, )X +[CA]

i i
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(Asp(ti)+C] ADD(t,i)) ~RD} +CA; (A1)
+C, A, (t.)f, + CA' (A, (6.D) + C, A, (1.1)
1}dt.

We now combine x;k

and p; into a joint

%

* &x[ .
vector: ¥, = ,Define the system matrix

&D;
and vectors as follows:
AE (1, A'E (. AVE(ti
J(f,i): 171 x( ’l). 711 x( ’l) j(f,i): 71//( )
G Ep(ti)  CGA; Ep(ti)—R; Ci\; ELtiD)

(i) AE(2)

=

T\ CA B

Then the entire coupled

dY; =|He)Y; el deYy = ( &8(‘)’“‘) ),T

nx1
his constitutes a linear ordinary differential
equation with stochastic driving terms. Since the
system matrix, the process f;, and /, are all
adapted and [7” -integrable, it follows from the
existence and uniqueness theory for ordinary
differential equations that this system admits a
unique strong solution.

system becomes:

5. Numerical Simulations

In this section on numerical simulations,
following Ma et al. [12], we assume the model
satisfies: A=4,%; ,C=C;Z \R=R,(=")"!, where for

=1, - kA~ Civ R>0. We consider two risky
assets, i.e.,
=m=k=2.

Let ¢, and e, denote the low (/) and high (h)
liquidity states, respectively. The low and high
liquidity states are characterized by parameters
satistying 4,24~ C>Cy,~ Ri<R;,. This setup aims to
analyze the impact of price impacts and liability
levels on the investor's trading strategy under the
combined influence of liabilities and regime
switching.

Referring to the parameter settings in Ma et al.
[12], the baseline parameters are configured as
follows: 7=1 . y=0.4 . p=0.08 . 7r~=r,=0.01 .

x():(o’o)T N f('):(l’l)T N ZOZ(I’I)T A Bl:Bh:IZ‘

: | (&0.015
OFO=l =050 TH0.01. Z=( 20,01 5)\
p_op_(0.04 0.01 _(~0.05 0.05
=2, (0.01 0.04)arldH (0.1 —0.1)’the

model parameters 4, Ay~ Cpn Gy Ry Ry 1y~
un  will be specified in subsequent analyses to
investigate the impact of different liquidity
parameters on the investor's optimal trading
strategy.
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5.1 Price Impact Effects Under Different
Liquidity Regimes

In this section, we first analyze the effect of
temporary price impacts (4;,4;, ), followed by a
discussion of the effects of permanent price
impacts ( C;, ¢, ) and market resilience rates
(R;,Ry). To facilitate comparison with Ma et al.
[12], the model parameters A;v Ay~ Civ Cyn RS
Ry, are set consistent with their study.

5.1.1 Temporary price impact

Setting the parameters
as j,[zl , j,h:().l , C[:Ch:4><10_3 , R[:RhZO.OI ,
w=up=0.04, Figure 1 displays the optimal trading
strategy ¢* for Asset 1 and the corresponding
sample path of the Markov chain over time.

For comparison, we also present the trading
strategies for Asset 1 under the hypothetical
scenarios of remaining permanently in the
low-liquidity regime (7;) and the high-liquidity
regime (z;,) throughout the entire trading horizon.
These serve as benchmarks for assessing whether
the trading strategy under regime switching is
aggressive or conservative relative to the
single-regime cases.

The results in Figure 1 show that, under
temporary price impact, the investor trades Asset
1 more slowly in the low-liquidity state compared
to the permanent low-liquidity scenario (7* <z;),
indicating relatively conservative behavior.
Conversely, in the high-liquidity state, the
investor trades faster than in the permanent
high-liquidity scenario ( 7* >, ), showing more
aggressive trading. This behavior is directly
related to market friction costs: low liquidity
corresponds to higher transaction cost matrices,
which dampen the willingness to adjust positions.
The introduction of liabilities alters the risk
characteristics of the trading strategy. In the
low-liquidity state, the growth of liabilities
exacerbates the volatility of net assets, compelling
the investor to increase trading speed to
dynamically hedge liability risk. In the
high-liquidity state, although transaction costs are
lower, the presence of liabilities prompts the
investor to further scale up trading, actively
adjusting positions to address the long-term
solvency pressure brought by liabilities.
Compared to the liability-free study in Ma et al.
[12], the dual effects of regime switching and
liabilities in our model lead to a smoother
evolution of the trading speed over time. This
result indicates that the introduction of liabilities
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can mitigate the investor's overreaction to
short-term market fluctuations, thereby steering
the trading strategy toward long-term stability.
5.1.2 Permanent price impact

The magnitude of the permanent price impact is
jointly determined by the permanent price impact
coefficients ( C;, G, ) and the market resilience
rates (R;,R},). Below, we examine the influence of
these two factors on the optimal trading strategy
separgtely.
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time

Figure 1. Optimal Trading Strategy * (State

Transitions Determined by Temporary Price
Impact)
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Figure 2. Optimal Trading Strategy * (State
Transitions Determined by Permanent Price
Impact)

For Figure 2, the parameters are set as
A==0.1, C=4x1073 , C,=1x107 , R=R,=0.01 ,
w=un=0.04. It can be observed that the investor's
trading behavior is more aggressive in the
low-liquidity state compared to the high-liquidity
state. This occurs because, in a low-liquidity
environment, large trades induce significant
permanent price impacts. The investor can exploit
this by trading actively to create long-term price
trends (e.g., prices permanently increase after
buying), thereby achieving higher expected
returns. This incentive to "influence prices
through trading" partially offsets the increased
transaction costs associated with low liquidity,
encouraging the adoption of a more aggressive

trading strategy.
Next, we consider the impact of the market
resilience rate on the investor's trading strategy.
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Under the parameter settings
A==0.1 , C=C,=4x107 , R=0.01 , R,=0.06 ,
u=up=0.04 , Figure 3 shows that the investor
adopts a more aggressive trading strategy in the
low-liquidity state. Due to the lower market
resilience rate (R;), the permanent price impact
caused by the investor's trading activity persists in
the market for a longer duration, thereby
enhancing the sustainability of the expected
investment returns. Conversely, the higher
resilience rate ( Ry, ) causes the price impact to
dissipate quickly, weakening the long-term return
expectations from trading. Consequently, the
investor tends to adopt a more short-term and
cautious trading approach to avoid potential
losses that could arise from price reversals.
Compared to the study of liability-free trading
strategies in Ma et al. [12], the presence of
liabilities prompts investors to pay greater
attention to risk management across different time
horizons. The short-term effects of permanent
price impacts are diluted by the long-term
solvency pressure imposed by liabilities;
consequently, their influence on the slope of the
trading strategy (i.e., the rate of change of the
strategy over time) is relatively minor. Within the
Markov regime-switching framework, investors
should anticipate the possibility of transitions
from low-liquidity to high-liquidity states. This
uncertainty drives investors to undertake more
proactive, preventive adjustments in the current
state based on expectations of future regimes.

5.2 Impact of Liability Growth Rate

To highlight the independent effect of liability
dynamics on the trading strategy, we analyze the
following two market liquidity scenarios
separately. The first scenario assumes a constant
market liquidity state, where the parameters
determining market liquidity, remain fixed
(whether at a high or low level, their values are
constant). In this case, only the liability growth
rate is influenced by Markov regime switching.
The second scenario allows for changes in the
market liquidity state, meaning the parameters,
take different values in the high and low states.
Here, the liability growth rate is also affected by
Markov regime switching but cannot, in turn,
alter the inherent market liquidity level.

It is important to note that, in both scenarios, the
liability growth rate influences trading decisions
solely by altering the investor's solvency pressure.
The market liquidity level is determined by
market-specific parameters such as 4,C,R, and is
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independent of the liability growth rate.

When  the  parameters are  set  as
A = Jp=0.1, C=C,=4x107 , R=R,=0.01, =1,
1n,=0.04, market liquidity remains constant. In this
case, the dynamic evolution of the optimal trading
strategy in Figure 4 is entirely driven by the
liability growth rate. Under a low liability growth
rate, investors face lighter long-term solvency
pressure, leading to significantly higher risk
tolerance. The strategy curve exhibits a steep
upward trend, characterized by high-frequency
position adjustments and active exploitation of
market opportunities. In contrast, under a high
liability growth rate, persistent solvency pressure
forces investors to prioritize risk control,
substantially reducing trading frequency and
displaying a clearly conservative tendency.

When the market is in different liquidity states,
with parameters set as
=1, y=0.1, C=4x1073 , C,=1x1073 , R=0.01,
R,=0.06, =1, 144,=0.04 , Figure 5 illustrates the
combined impact of the liability growth rate and
the liquidity state on the trading strategy. On one
hand, the liquidity state determines the baseline
trading tendency. In the low-liquidity state, where
market frictions and transaction costs are high, the
investor's trading strategy is  relatively
conservative ( t' < 7; ). Conversely, in the
high-liquidity state, where market transaction
costs are low, trading is more aggressive (7* > ).
On the other hand, the liability growth rate further
moderates this behavior. Under a low liability
growth rate, investors face lighter financial
pressure and exhibit higher risk tolerance, leading
to more aggressive strategies (such as
high-frequency position adjustments) to capture
market opportunities. In contrast, under a high
liability growth rate, long-term solvency pressure
compels investors to prioritize risk control to
avoid exacerbating the gap between net assets and
liabjlities due to market volatility.
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Figure 3. Optimal Trading Strategy z*
(Market Resilience Rate)
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Trading Strategy

time

Figure 4. Optimal Trading Strategy under
Constant Liquidity Regime 7* (Only
Liability Growth Rate Subject to State

Transitions)
Analysis under both states indicates that the

liability growth rate influences the trading
strategy by altering risk tolerance and solvency
pressure, while market liquidity, as a given
environmental factor, determines the
manifestation of this influence (such as the degree
of aggressiveness or conservatism).

6. Conclusion

This paper constructs a dynamic Asset-Liability
Management (ALM) model that integrates
Markov regime switching, market frictions, and
liability management, systematically investigating
the optimal ALM strategies for financial
institutions in complex market environments.
Theoretical analysis demonstrates that the optimal
trading strategy can be determined via the
solution to a system of coupled Riccati
differential equations. This strategy exhibits a
state-dependent feedback form, enabling a
dynamic trade-off between risk hedging and
re‘glrn objectives in stochastic market settings.
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Figure 5. Optimal Trading Strategy z* under
Regime-Switching Liquidity (Both Liability
Growth Rate and Liquidity Parameters
Subject to State Transitions)
Numerical simulations reveal that the liability
growth rate independently influences investor
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behavior, distinct from the market liquidity state.
A high liability growth rate compels investors to
adopt conservative strategies to control solvency
risk, whereas a low liability growth rate
incentivizes the pursuit of excess returns.
Specifically, under a combination of low liquidity
and high liability growth rate, the joint effect of
market frictions and liability pressure further
reinforces risk-averse behavior. Conversely, in
states characterized by high liquidity and low
liability growth rate, investors are more inclined
to adjust positions actively to capture return
opportunities.

This study elucidates trader behavior under
varying liability rates and market liquidity
conditions, providing theoretical support for
financial institutions to optimize asset allocation
and hedge liability risks in regime-switching
market environments. Future work could extend
this framework to more complex scenarios
involving multiple asset classes, non-Gaussian
noise, and other realistic market features.
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