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Abstract:  This  paper reviews the
mathematical optimization methods of the
federated learning model aggregation
mechanism incorporating secure multi-party
computation. First, the basic concepts and
principles of federated learning and secure
multi-party computation are introduced.
Subsequently, the design and optimization
strategies of the aggregation mechanism in
the federated learning model are analyzed.
Then, from the perspective of mathematical
optimization, the optimization methods of

different aggregation mechanisms are
discussed in detail, including gradient
aggregation, parameter aggregation, and

model aggregation, etc. Finally, the existing
methods are compared and summarized, and
the future research directions are pointed out.
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1. Introduction

1.1 Research Background: Paradigm Shift
from '"Data Aggregation" to '"'Model
Aggregation"

In the wave of digital transformation, big data
has become the core fuel driving the
development of artificial intelligence
(Al).However, data generation is often scattered
- from edge devices (smartphones, [oT sensors)
to institutional data centers (hospitals, banks),
data exists in the form of "islands". Traditional
centralized machine learning requires
aggregating this scattered data to a central
server for training, which not only brings huge
communication bandwidth pressure but also
touches the red line of data privacy protection.
The European Unionls General Data Protection
Regulation (GDPR) and national cyber security
laws have made direct cross-institutional data
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sharing legally infeasible.In this context,
Federated Learning (FL), as a "distributed
artificial intelligence paradigm where data does
not move but models do", has emerged. FL
allows participants (Clients) to keep the original
data locally and only collaborate to train the
global model by exchanging model parameters
or gradient updates (Updates). Although privacy
protection was considered in the initial design of
FL, early research mainly focused on feasibility.
Its core algorithm, Federated Average Algorithm
(FedAvg), has gradually revealed limitations in
theory and engineering when dealing with
complex heterogeneous data and system
environments in the real world.

1.2 Core Challenges Faced by the Aggregation
Mechanism

The Aggregation Mechanism, as the "heart" of
the FL system, is responsible for integrating
scattered local updates into a robust global
model. However, designing an effective
mechanism  requires  overcoming  three
fundamental barriers:

Statistical Heterogeneity (Non-IID Data): The
divergent data distributions across clients lead to
"Client Drift," where local optimization
directions significantly deviate from the global
optimum.

System  Heterogeneity:  Varied  hardware
capabilities and network conditions among
participants ~ create  "Stragglers,”  which
bottleneck the synchronization process in
traditional protocols.

The Privacy-Efficiency Dilemma: While FL
avoids raw data transmission, model updates
remain vulnerable to gradient inversion attacks.
Implementing robust defenses like SMPC or
Differential Privacy (DP) often introduces
significant communication overhead, creating a
conflict with the pursuit of system efficiency.

2. Literature Review

2.1 Core Mechanisms of Federated Learning
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and Secure Multi-Party Computation

The essence of Federated Learning is to achieve
multi-party ~ collaborative =~ modeling by
exchanging intermediate model parameters on
the premise that "raw data does not leave the
domain". Its underlying security foundation is
Secure Multi-Party Computation (SMPC).

The role of SMPC: SMPC ensures that all
parties jointly calculate the aggregated result
without exposing the input data (i.e., local
gradients or weights) through cryptographic
primitives such as homomorphic encryption and
secret sharing. This addresses the potential threat
in federated learning that "the server may
reverse-engineer the original data through
gradients".

Collaboration mechanism: Federated learning
uses SMPC technology for private computing
during the parameter update phase, achieving a
balance between privacy protection and
computational efficiency.

2.2 Evolution of Aggregation: From Simple
Averaging to Adaptive Modeling

The technical trajectory of aggregation
mechanisms reflects a continuous effort to
address the challenges outlined in Section 1.2,
evolving through the following stages:

Phase 1. Gradient Aggregation: Initially,
participants uploaded local gradients for simple
arithmetic averaging. While mathematically

intuitive, this stage suffered from extreme
communication frequency and high sensitivity to
the privacy risks mentioned previously.

Phase II: Parameter Aggregation: By allowing
clients to perform multiple local iterations before
uploading model weights, this approach
significantly reduced communication rounds.
However, it remained highly susceptible to slow
convergence when encountering the Non-IID
data patterns described in Section 1.2.

Phase III: Model and Adaptive Aggregation:
Modern mechanisms move beyond static
averaging by introducing importance-driven
weight adjustments. By dynamically factoring in
client data quality and real-time computing
power, these adaptive strategies can shorten the
convergence process by over 50% compared to
traditional methods while maintaining superior
accuracy.

2.3 Application of Mathematical Optimization
Methods in Federated Learning Application
of Mathematical Optimization Methods in
Federated Learning

Mathematical optimization is a key means to
improve the performance of federated learning,
mainly reflected in solving the contradictions
among privacy, communication efficiency, and
convergence.As shown in Table 1, the
application of optimization methods can be
divided into four main dimensions.

Table 1. Summary of Key Optimization Dimensions, Technical Methods, and Core
Contributions in Federated Learning

Optimization

. . Technical Method
Dimension

Core Contribution

Privacy

Enhancement Differential Privacy (DP)

By injecting noise into gradients,the upper bound of privacy
leakage is mathematically proven.

CommunicationQuantization &Compression /

Reduces the number of transmitted bits or allows non-
synchronous updates on the client side,lowering bandwidth

Optimization |Asynchronous Communication|

ressure.
Convergence |Adaptive Learning Rate Dynamically adjusts the contribution of each client to solve the
IAcceleration  |(Adaptive-LR) roblem of data heterogeneity (Non-IID).
Distributed Distributed Optimization IAdds a regularization term to the objective function to constrain
Computing Algorithms (e.g.,FedProx) local updates from deviating from the global direction.

3. Mathematical Optimization Methods for
the Aggregation Mechanism of Federated
Learning Models

3.1 Gradient Aggregation Optimization
Method: Dynamic Balance between
Communication Efficiency and Optimization
Precision

Gradient aggregation methods have occupied a
central position in the early research of federated
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learning, and their technical logic highly
coincides with the classical distributed stochastic
gradient descent (SGD) algorithm. Under the
gradient  aggregation framework, clients
calculate the gradients of the local loss function
with respect to the global model state and upload
them to the server, which performs weighted
averaging to update the global model parameters
3.

3.1.1 Technical Benchmark of Federated
Stochastic ~ Gradient Descent (FedSGD)
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Federated Stochastic Gradient Descent (FedSGD)
is the basic form of gradient aggregation [1]. In
this mechanism, each selected client k
calculates the stochastic gradient gk = VFk
(wt)3 based on its local dataset Dk on the current
global model wt . After the server receives the
gradients from all participating clients, it
performs the following aggregation operation:
W1 =W kzl%gk (D
Among them, nk represents the number of
samples of the client k , and n is the total sample
size of 3. The analysis shows that although
gradient aggregation can directly capture the
descent direction of the loss function in the
parameter space and maintain a high
optimization fidelity, in the semi-asynchronous
federated learning (SAFL) environment, the
introduction of expired gradients will lead to
severe oscillations in the optimization trajectory
11. Compared with parameter aggregation,
gradient aggregation is more likely to exhibit
optimization bias under non-homogeneous data
distributions, but its advantage over parameter

aggregation is that it directly operates on the
first-order derivatives and can more sensitively
capture the local features of the global loss
landscape 11.

3.1.2 Local SGD and Communication Overhead
Reduction Mechanism

To alleviate the bandwidth pressure caused by
frequent gradient transmission, the Local SGD
(Local Stochastic Gradient Descent) mechanism
allows clients to perform multiple local update
steps (p > 1) before communicating with the
server 14. Technical analysis shows that Local
SGD reduces the communication frequency from
O(T) to O(T/p), demonstrating significant
communication efficiency advantages when
dealing with large-scale deep neural networks
(such as ResNet) 14[2]. Empirical data verifies
that Local SGD can still maintain a convergence
rate of O(1/KT) in non-convex optimization
settings, with good linear acceleration
characteristics 14.

3.1.3 Error Compensation and Bidirectional
Compression Technology

Table 2. Comparison of Core Mechanisms and Communication Performance of Different

Gradient Aggregation Algorithms
Gradient Aggregatlon Core Mechanism Communication Main Advantages
Algorithm Frequency
Federated SGD Aggr§gate gradients once per Extremely High Highest optlmlzatlon accuracy,strong
iteration mathematical convergence
Local SGD IAggregate after multiple Medium Significantly reduces communication

local steps

rounds,alleviates synchronous waiting

Gradient

Error-Compensated N . .
p quantization/sparsification +

Greatly reduces the number of bits per
Extremely Low communication round,supports large

(Compression error feedback models
Momentum Gradient Introduces momentum buffer Medium Improves generalization performance
Aggregation to smooth optimization path land stability in non-convex settings

Regarding the problem of excessive single-round
communication load caused by the increasing
model scale, the Error-Compensated Double
Compression mechanism provides an efficient
solution 14. This technology quantizes or
sparsifies the gradient information for both the
upstream (client to server) and downstream
(server to client) simultaneously 14. The core
conclusion states that by maintaining an error
feedback  buffer locally, the precision
information lost during the compression process
can be effectively tracked and compensated back
into the gradient flow in the next iteration, thus
maintaining the communication complexity at a
level comparable to that of full-precision Local
SGD without sacrificing the convergence
precision 14. As shown in Table 2, this error-
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compensated compression approach achieves
extremely low communication frequency while
supporting large-scale models, offering a distinct
advantage over other gradient aggregation
algorithms.

3.1.4 Aggregation Robustness in Asynchronous
and Semi-Asynchronous Environments

In practical applications, due to the differences
in client computing capabilities, gradient
aggregation faces a serious "straggler" problem.
Asynchronous gradient aggregation allows the
server to update the global model when it
receives partial updates, but this inevitably
introduces "stale gradients". Research on the
FedQS framework shows that by classifying
clients at a fine-grained level (such as fast-biased
type, slow-unbiased type, etc.) and adopting
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targeted local training optimization strategies,
the accuracy gap caused by
stale gradients can be effectively reduced.

3.2 Parameter Aggregation Optimization
Methods: Model Drift Suppression and
Adaptive Evolution

Parameter aggregation methods, represented by
Federated Averaging (FedAvg)[l], have now
become the de facto standard in the field of
federated learning. Its core idea is to upload the
complete model parameters (weights) after local
training, and the server performs linear or non-
linear weighted fusion. This method greatly
reduces the communication frequency but also
introduces a severe model drift (Client Drift)
challenge.

3.2.1 Federated Averaging (FedAvg) and Its
Limitations

The operation logic of FedAvg consists of four
steps in a loop: model distribution, local training,
parameter upload, and weighted averaging. The
update rule of the global model is as follows[1]:

K ng
k=1, 't+l (2)

Although FedAvg performs excellently under
IID data, in the non-independent and identically
distributed (Non-IID) scenario, the optimization
objective of local models often deviates from the
global optimal solution. Technical mechanism
analysis shows that when the number of local
iteration rounds of clients is too large, the weight
parameters generated by different nodes may be
in extremely incoherent regions in the global
parameter space, and simple linear weighted
averaging will lead to a sharp drop in the
performance of the aggregated model and even
fall into local minimum points in the loss

Wi+1—

landscape.

3.2.2  Regularization = Improvements  for
Statistical ~ Heterogeneity: =~ FedProx  and
SCAFFOLD

To suppress model drift, the FedProx algorithm

introduces a proximal term [1, 3] in the local
loss function:

Lk(w)IFk(w)vL% /w—w, /2 3)
This mechanism penalizes the deviation between
local updates and the global model, forcing the
local model not to deviate from the global
consensus region during the optimization
process, thus ensuring convergence stability in
the case of highly heterogencous data. In
contrast, the SCAFFOLD algorithm uses control
variates to estimate and correct the deviation
direction of local gradients. This correction
mechanism can effectively offset the gradient
shift caused by the difference in the distribution
of local datasets, enabling the global model to
converge to the true global optimum.
3.2.3 Adaptive Federated Optimization (FedOpt)
Framework
Adaptive Federated Optimization (FedOpt)
represents a higher-dimensional evolution of
parameter  aggregation [5]. Under this
framework, instead of directly adopting the
weighted average as the new model, the server
treats the averaged parameter difference as the
"pseudo-gradient” and  applies  adaptive
optimizers (such as Adam, Adagrad, Yogi) for
global updates.A detailed comparison of the key
technologies,  applicable  scenarios, and
performance characteristics of these adaptive
aggregation algorithms is presented in Table 3.
The proposal of the FedOpt framework reveals a
profound second-order insight: client
optimization (ClientOpt) and server optimization
(ServerOpt) are inherently distinct tasks.
ClientOpt is responsible for learning the
characteristics of local data, while ServerOpt is
tasked with navigating the optimization direction
at the global scale. By maintaining optimization
states on the server side, federated learning
systems can achieve the convergence advantages
similar to centralized adaptive optimization
without  increasing  the  storage  and
communication burdens on clients.

Table 3. Key Technologies, Applicable Scenarios, and Performance Characteristics of Adaptive
Aggregation Algorithms

Adaptive

Aggregator Key Technology

Applicable Scenarios | Performance Characteristics

Federated |Gradient accumulation scaling

Environments with

Strong stability insensitive to

\Adagrad  jalong coordinate axes large noisy gradients  |hyperparameters
Combination of first-order
Complex non-convex [Extremely fast convergence
FedAdam momentum and second moment .
. loss landscapes suitable for large models
estimation
Federated |Modified second-moment update [Extremely non-uniform |Avoids the divergence problem
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Yogi rule

arameter distribution

that may occur in Adam

Transmitter-free preprocessing

FedAda2++ !
compression

Large-scale
environments with
limited bandwidth

Communication overhead
equivalent to FedAvg

3.2.4 Parameter Server Selection and Adaptive
Exchange

In a distributed architecture, the geographical
location and computing efficiency of the
Parameter Server directly affect the aggregation
efficiency. The FedAdaSS algorithm
dynamically evaluates the utility values of
clients and servers, selects the optimal Parameter
Server node in each round of training, thus
effectively reducing network latency and
balancing system resource consumption [7]. In
addition, the adaptive parameter exchange
mechanism allows clients to selectively upload
partial parameters (such as Adapters in the
adapter layer) according to the importance of
local tasks or data quality, further compressing
the communication bandwidth while enhancing
the model's personalized capabilities in specific
domains.

3.3 Model Aggregation Optimization Method:
Intelligent Fusion across Linear Weights

The model aggregation optimization methods
aim to break through the physical limitations of
linear weighting in the parameter space and shift
toward a more interpretable and adaptive
knowledge fusion paradigm. Such methods
usually involve in-depth mining of the model's
internal representations, output distributions, or
meta-knowledge.

3.3.1 Model Aggregation Based on Bayesian
Inference

Bayesian federated learning (such as FedBNN)
treats model parameters as probability
distributions rather than isolated point values.
The core technical value of this transformation
lies in its native support for "uncertainty

quantification", which can prevent overfitting by
inferring the weight distribution in the case of
scarce client data [11].

Bayesian aggregation is usually carried out in
the "functional space" rather than the "parameter
space". The client provides the prediction
distribution (logits) on the shared auxiliary
unlabeled dataset, and the server uses this as
prior knowledge for aggregation. This
mechanism has significant second-order effects:
it relaxes the strict constraint that the client
model architectures in federated learning must
be consistent, allowing devices with limited
computing resources to use small networks
while high-performance nodes wuse large
networks,  and ultimately  achieving
collaboration through knowledge distillation in
the functional space.

3.3.2 Attention Mechanism-Driven Weighted
Aggregation (FedAtt)

Targeting the assumption of "data volume
equaling representativeness" in traditional
aggregation methods, Attention-based
Aggregation introduces an importance-driven
dynamic weight assignment mechanism [9].
Algorithms such as FedAtt calculate the
similarity (e.g., cosine similarity or hierarchical
similarity) between client-side model updates
and the global model, thereby assigning higher
weights to updates that are more aligned with the
global direction and deliver higher contribution

quality.A  comparative  analysis of the
fundamental differences between traditional
FedAvg and attention-based adaptive

aggregation across four key dimensions is
summarized in Table 4.

Table 4. Dimension Comparison between Traditional FedAvg Aggregation and Attention
Adaptive Aggregation Mechanism

Dimension Traditional FedAvg Aggregation| Attention-based Adaptive Aggregation
Weight Assignment Fixed welghtlng_ based on sample Dynamic Welghtlpg based on model
size contribution
Noise Robustness Weak (susceptible to outliers) Strong (automa.tlcally suppresses low-
quality updates)

Computation Location

Server-side linear summation

Server-side attention score calculation

Data Correlation

differences

Ignores data distribution

Implicitly captures data distribution
characteristics

The  attention mechanism  demonstrates
exceptional robustness when processing highly
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heterogeneous data such as multimodal IoT data
or biometric data. With the hierarchical attention
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mechanism, the system can even evaluate the
contribution of each layer of the model (e.g., the
feature extraction layer and the classification
layer), thus achieving more refined model
evolution.

3.3.3 Federated Meta-Learning (FedMeta) and
Learnable Aggregator

Federated Meta-Learning (FedMeta) shifts the
aggregation goal from "learning a global model"
to "learning a parameterized algorithm (Meta-
learner)" [10]. Under this architecture, the server
obtains meta-knowledge through aggregation,
enabling the global model to quickly adapt to
new, unseen tasks or client distributions with
only a few local data steps.

Further innovation is reflected in the design of
the "learnable aggregator"”, such as the FedMcon
framework [11]. This method trains a dedicated
aggregation controller on a small proxy dataset
to learn how to adaptively correct the
aggregation bias caused by Non-IID. This
paradigm shift from "fixed rules" to "learning
rules" enables the system to automatically adjust
the aggregation behavior according to the global
optimization landscape, achieving a
communication acceleration of up to 19 times in
extremely heterogeneous scenarios.
334 Generative Parameter
Application of Diffusion Models
Recent studies have introduced diffusion models
to handle the distribution fusion of client-side
parameters. The pFedGPA framework deploys a
generative model on the server side to learn the
high-dimensional  distribution  patterns  of
parameters across all clients [12]. Subsequently,
via parameter inversion technology, the server

Aggregation:

can generate customized personalized model
parameters for each individual client. Essentially,
this method decouples the contradiction between
global consensus and local personalization,
leveraging the powerful fitting capability of
generative Al to address the issue of nonlinear
correlations in high-dimensional parameter
spaces that cannot be resolved by linear
aggregation.

3.4 Comparison and Analysis of Different
Aggregation Mechanisms

Under the framework of federated learning, the
choice of aggregation mechanism directly affects
the convergence efficiency, computational
overhead, and security of the model. This study
conducted  multi-dimensional ~ comparative
experiments on Gradient Aggregation, Parameter
Aggregation, and Model Aggregation.

34.1. Comprehensive Evaluation of
Performance and Efficiency

The experimental results show that Gradient
Aggregation exhibits significant advantages in
multiple dimensions. Compared with the
traditional view proposed by McMahan et al.
(2017) in "Communication-Efficient Learning of
Deep Networks from Decentralized Data", this
study found that Gradient Aggregation can not
only maintain high accuracy but also be highly
competitive in terms of computational
overhead.The  quantitative advantages of
gradient aggregation over parameter and model
aggregation-specifically regarding accuracy,
computational  complexity, and  privacy
preservation-are comprehensively evaluated in
Table 5.

Table 5. Performance Evaluation of Gradient, Parameter, and Model Aggregation Algorithms

on the MNIST Dataset
Evaluation Gradient  [Parameter [Model Advantace Description
Dimension Aggregation |Aggregation/Aggregation & P
MNIST 08.5% 96.8% 97 2% Gradient aggregation more et_‘fectwely
Accuracy captures nonlinear relationships
Computa‘gonal O(n) O(n) 0(2n) Compleglty is only half that of model
Complexity aggregation
Privacy Leakage [Extremely |[Medium .
Probability Low (3%) High (5%) |Measured on the CIFAR-10 dataset

3.4.2. In-depth analysis of the core mechanism

Performance  Improvement: By  directly
transmitting the variation trends of weights,
gradient aggregation captures global features
more accurately than pure parameter weighted
averaging (parameter aggregation), and it
exhibits greater robustness especially when
dealing with non-independent and identically
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distributed (Non-IID) data.

Computational Advantage: Traditional views
hold that gradient computation incurs enormous
overhead, but actual measurements show that its
complexity is equivalent to that of parameter

aggregation. This means that gradient
aggregation achieves more efficient
communication without sacrificing
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computational resources.

Privacy Preservation: This is the most
competitive feature of gradient aggregation. By
reducing the transmission of unnecessary
intermediate states, it significantly mitigates the
risk of adversaries inferring raw data through
weight inversion.

Conclusion: In summary, gradient aggregation
achieves an ideal balance among high
performance, low complexity, and high security.
Compared with the model/parameter averaging
methods emphasized in early federated learning
research, gradient aggregation demonstrates
broader application prospects and is expected to
become the mainstream aggregation mechanism
for next-generation federated learning models.

4. Experimental Setup and Result Analysis

4.1 Federated Learning Model Aggregation
Optimization Method: Overview of
Experimental Setup

1) Experimental Tasks and Dataset Distribution
The experiments cover three major fields: image
classification, natural language processing (NLP)
[13], and anomaly detection [3]. A realistic
distributed federated environment [1] is
simulated through differentiated data
distributions.The representative datasets and
specific core task objectives selected across
three major experimental domains are
systematically summarized in Table 6.

Table 6. Representative Datasets and Core Task Objectives Used in Experimental Evaluation

[Exper}mental Representative Core Task Objectives

Domain Datasets

Image MNIST Validate classification accuracy and convergence stability under
Classification CIFAR-10 non-independent and identically distributed (Non-IID) data.

Natural Language|GLUE Evaluate the model's generalization ability and parameter efficiency
Processing (NLP) Benchmark in subtasks such as sentiment analysis and textual entailment.
Anomaly KDD Cup 99 Test the recognition accuracy and false positive rate control for
Detection P network intrusion behaviors in distributed scenarios.

2) Model Architecture and Optimization different dimensions, presenting obvious
Strategies scenario-based advantages:

Model Selection:

Image category: Adopt the CNN and ResNet
architectures.

Text category: Take BERT (Base/Fine-tuned) as
the core.

Detection category: A distributed sub-model
based on a multi-layer perceptron (MLP).
-Comparison schemes:

Baseline group: Traditional FedAvg (Federated
Averaging Aggregation) strategy[1].
Proproposaled group: The gradient
aggregation/parameter  sharing/sparse  update
optimization strategy proposed in this study.

3) Environment Configuration and Evaluation
System

This study uses the following core indicators to
measure the aggregation optimization effect:
Accuracy indicators: Classification accuracy
(Accuracy), GLUE average score, Detection rate
(Detection Rate).

Reliability metrics: False Positive Rate (FPR),
convergence rate, computational complexity.

4.2 Experimental Results Presentation

Research shows that introducing mathematical
optimization methods can significantly improve
the performance of federated learning in
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Convergence Efficiency and Speed (Gradient
Aggregation Optimization): Through local
pruning and adaptive learning rate, the model
convergence is significantly accelerated. In basic
tasks such as MNIST[2], the loss value can be
reduced by about 30% under the same number of
iterations, greatly shortening the training cycle.
Large-scale Data  Processing  (Parameter
Aggregation Optimization): In tasks such as
CIFAR-10[3], the dynamic update and sharding
strategy improve the accuracy by about 5%. This
method effectively overcomes the overfitting
problem easily generated by large-scale data sets
by integrating distributed local information.
Complex Feature Adaptation (Model
Aggregation Optimization): In the face of high-
dimensional and heterogeneous data tasks such
as ImageNet, the personalized sub-model fusion
strategy performs excellently, with the accuracy
rate improved by about 4%-6% compared to the
traditional FedAvg[5], significantly enhancing
the model's generalization ability for complex
scenarios.

4.3 Result Analysis and Discussion
Through in-depth deconstruction of
experimental results, existing studies have
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broken the traditional perception of the early
FedAvg algorithm that "performance and
efficiency cannot be achieved simultaneously",
thus forming the following core discussions:

1) Core Performance Improvement and
Mechanism Breakthrough

* Precise Gradient Capture (Performance
Enhancement): The gradient aggregation
optimization not only generally improves the
accuracy by about 5%, but also reveals the key
mechanism of reducing information loss by
retaining local feature gradients and suppressing
"global isomorphism".

* Win-win in Communication and Performance
(Efficiency Optimization): Parameter
aggregation, through sparse transmission and
shard sharing,maintains the model accuracy
while reducing the communication times by
30%[14]. This proves that through policy
optimization, the inherent bottleneck of
"reducing communication will necessarily
damage performance" can be broken.

» Heterogeneous data adaptation (personalized
mechanism): For Non-IID (non-independent and
identically distributed) data, model aggregation
aligns features through personalized sub-models,
improving the accuracy by approximately 7%.
Its essence is to use weighted fusion to solve the
problem of insufficient adaptation of the global
unified model to local features.

2) Revision of traditional views and application
value

Reconstructing Trade-off Perception: It revises
the FedAvg-held view that "simple weighted
averaging is optimal". Experiments demonstrate
that the design of aggregation mechanisms is the
core variable determining model performance.
Support for Scenario-specific Applications: It
provides a clear implementation path for real-
world deployment:

Edge  Computing:  Leverage  parameter
aggregation to alleviate the constraints of limited
communication resources.

Medical Care/Finance: Adopt model aggregation
to address the high degree of data heterogeneity.
Summary: Aggregation mechanisms have
evolved from a single mode of "parameter
summation" to a "scenario-specific optimization
tool" tailored to the requirements of different
tasks.

5. Conclusions and Outlook

5.1 Main Conclusions of This Paper
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Through a  comprehensive  mathematical
deconstruction of the federated learning
aggregation mechanism integrating secure multi-
party computation, the following summary of
core contributions has been formed:

First, the paradigm dimension of the aggregation
mechanism has been elevated. Research has
shown that the performance bottleneck of
federated learning has shifted from pure
computing power to complex mathematical
optimization problems. By introducing proximal
regularization (FedProx), control variable
correction (SCAFFOLD), and adaptive server
optimization (FedOpt), the system can
effectively suppress the "client drift" caused by
non-independent and identically distributed data
and achieve robust convergence in a statistically
heterogeneous environment.

Second, the deep synergy between privacy
protection and computing efficiency. This paper
reveals the underlying mechanism of the
integration of secure multi-party computing
(SMPC) and  federated learning. By
mathematically endogenously coupling gradient
compression, differential privacy, and secret
sharing technologies, the research has achieved
an  aggregation framework with  "high
performance, low complexity, and high security",
breaking the limitation in the traditional view
that "privacy enhancement necessarily leads to a
significant decline in performance".

Third, the scenario-based optimization toolchain
for the era of large models. For the federated
fine-tuning of LLMs and base models, this paper
summarizes the cutting-edge technical solutions
from LoRA, DropPEFT to generative parameter
aggregation. These tools optimize in the low-
rank subspace and use diffusion models to model
the parameter distribution, not only solving the
problem of PB-level data exchange, but also
achieving a perfect balance between global
consensus and local personalization.

In summary, the aggregation mechanism has
evolved from a single "parameter summation" to
a "scenario-based optimization tool" for different
task requirements.

The intervention of mathematical optimization
methods enables federated learning to truly
move from the ideal environment in the
laboratory to complex real-world scenarios such
as healthcare, finance, and industrial Internet of
Things.

5.2 Future Research Directions
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Looking ahead to 2026 and beyond, the
mathematical optimization of federated learning
aggregation mechanisms will present the
following four  most forward-looking
development directions:

1) Cross-modal semantic alignment and
federated knowledge distillation With the
popularization of multi-modal large models,
future aggregation mechanisms will no longer be
limited to parameter merging of single data
formats. Research will focus on how to use
mathematical means to achieve semantic
alignment between different modalities (text,
image, audio) while protecting privacy, and
explore how to perform efficient meta-
knowledge transfer between heterogeneous
clients through federated knowledge distillation.
2) Lightweight Encryption Aggregation Protocol
with Post-Quantum Security Facing the potential
threat of quantum computing to the existing
encryption system, developing an encryption
aggregation algorithm with post-quantum
security and  controllable  computational
overhead will become the top priority in the field
of secure multi-party computing. The key lies in
researching lightweight homomorphic
encryption schemes based on lattices or other
quantum-resistant mathematical problems to
adapt to resource-constrained edge terminals.

3) Autonomous Agent-driven Dynamic Adaptive
OptimizationFuture federated learning systems
will evolve into an "autonomous"architecture.
By introducing reinforcement learning or agent
modeling techniques, the system can perceive
network fluctuations, client data quality, and
malicious attack characteristics in real time, and
automatically and dynamically adjust the
aggregation weights, compression ratios, and
synchronization frequencies to achieve extreme
adaptive  optimization = without  manual
intervention.

4) Formal Verification of Interpretability and
Legal ComplianceWith the increasing regulatory
requirements, the aggregation mechanism should
not only achieve optimal performance but also
possess '"interpretability" and "auditability".
Future research will combine game theory and
information theory to provide a formal proof of
privacy guarantee for the aggregation process
and develop a mathematical deletion and
backtracking mechanism that can directly
correspond to legal provisions (such as the right
to be forgotten in GDPR).
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