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Abstract: The probability distribution of the
performance function serves as an essential
tool for quantifying the uncertainty of
structural responses. Traditional methods can
construct the main body of the probability
distribution but often fail to effectively
capture information from the tail region, or
require a considerable computational cost.
Since the probability density estimation in the
tail region requires particular attention, the
accurate reconstruction of this region is
particularly important. To address this
challenge, a new method based on the squared
normal distribution is proposed, in which the
shape parameters are determined through the
first three tail moments. As the information
used for tail moment computation is extracted
from the tail region corresponding to the
design threshold, the final distribution
achieves higher accuracy in the target tail
region. Furthermore, the proposed method is
applied to several different examples
involving a simple performance function, a
strongly nonlinear function and complex
examples characterized by implicit
relationships, and high dimensionality,
demonstrating its superior accuracy and
efficiency of  the distribution tail
approximation.

Keywords: Tail Moment; Squared Normal
Distribution;  Tail  Fitting;  Structural
Reliability Assessment

1. Introduction

During the service life of engineering structures,
various sources of uncertainty are inevitably
encountered, including material variability,
geometric imperfections, and environmental or
loading effects. These uncertainties cause
structural responses to exhibit significant
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randomness, which can be characterized
quantitatively through the construction of the
performance function. It is essential to determine
the probability distribution of the performance
function for a comprehensive understanding of
the statistical behavior of structural responses.
Since aspects such as reliability assessment [1]
and design optimization [2] typically focus on
the distribution tail region of the performance
function, accurate reconstruction of this region is
of great importance. To this end, a variety of
analytical approaches have been proposed and
developed, including numerical integration
techniques, surrogate modeling approaches,
simulation-based methods and others.

Numerical integration methods are commonly
employed to indirectly reconstruct the
probability density function of the performance
function. Among these, the moment-based
approach [3,4] has been extensively studied,
which constructs the unknown distribution
through the statistical moments of the
performance function. This approach first
assumes that the probability distribution of the
performance function follows a certain
probabilistic model, and then estimates the
distribution = parameters using low-order
statistical moments (typically the first three or
four moments). To accurately estimate the
moments of the performance function, various
moment estimation techniques have been
proposed, including point estimation methods
[5,6], cubature formulation method [7,8],
univariate dimension reduction method (UDRM)
[9], bivariate dimension reduction method
(BDRM) [10,11], sparse grid integration method
[12], and low-discrepancy sequences. In this
process, a variety of flexible distribution models
can be adopted, such as the lognormal
distribution (LND) [13], the three-parameter
gamma distribution [14], shifted lognormal
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distribution [15], squared normal distribution
(SND) [16], cubed normal distribution (CND)
[17], generalized lambda distribution (GLD)
[18], shifted generalized lognormal distribution
(SGLD) [19], Pearson system [20], Hermite
model [21], saddle point approximation [22,23],
and maximum entropy distributions based on
integer-order moments [24]. The use of very
high-order moments (fifth or sixth order) [25] is
a natural extension of the moment-based
approach. However, obtaining such high-order
moments poses a significant challenge. In
addition, the introduction of L-moments [26,27]
and fractional-order moments [28,29] provides
further flexibility to the method. Nevertheless,
limitations of moment-based methods remain,
particularly in accurately approximating the
light-tail region. In recent years, several
nonparametric distribution approaches have been
developed to evaluate complex distributions. The
method based on the improved Mellin transform
[30], as well as the approach combining the
maximum entropy principle with B-splines
[31-37], have demonstrated their inherent strong
applicability. However, nonparametric
distributions are generally sensitive to sparse
samples in the tail region and perform poorly in
predicting tail probabilities.

Simulation-based methods are widely used due
to their generality and intuitive nature. Monte
Carlo Simulation (MCS), as a fundamental
approach, generates samples of the performance
function by randomly sampling the input random
variables, enabling estimation of system
responses or failure probabilities. However,
accurately evaluating rare events requires
extremely high computational cost, making
MCS often impractical for direct engineering
applications. Consequently, MCS is commonly
employed as a benchmark to assess the accuracy
and efficiency of alternative methods. To
mitigate this limitation, various advanced
sampling techniques have been developed,
including directional sampling (DS) [38,39],
importance sampling (IS) [40,41], Latin
Hypercube Sampling (LHS) [42,43], and subset
simulation (SS) [44-46]. Although these methods
can improve computational efficiency, balancing
accuracy and cost remains challenging.
Moreover, the lack of the explicit PDF is another
inherent limitation, as these approaches are
primarily  suited for estimating single
probabilities (e.g., structural failure probability).
For extreme events associated with lower

http://www.stemmpress.com

threshold values, these methods struggle to
extrapolate  probabilities  reliably, thereby
constraining their applicability in certain
engineering scenarios.

In a broad range of practical engineering
scenarios, structural responses may involve
complex performance functions. In such cases,
uncertainty quantification can only be indirectly
obtained through a limited number of stochastic
evaluation results. Due to constraints on
computational cost and sample size, how to
extract effective statistical information from
limited random samples and accordingly recover
distribution  characteristics  (especially tail
behavior) becomes a key issue. From this
perspective, random sample-based statistical
inference methods have a clear practical demand,
which has also promoted the development and
application of post-processing methods. These
methods generally perform a limited number of
simulations first, and then analyzing the
simulation outputs. In this way, the probability
distribution can be efficiently estimated using
only a limited number of samples, and the
efficiency is largely insensitive to the
dimensionality of the random variables or the
complexity of the performance functions.
Post-processing  methods  have  attracted
increasing attention in recent years and have
been successfully applied to stochastic dynamic
problems. Among these, it is worth noting a
class of methods that specifically treat and
model only the distribution tail region. The
generalized Pareto distribution (GPD) [47] based
on maximum likelihood estimation is only
suitable for heavier tails. Tail-modification
models based on the least squares method
include both polynomial and exponential forms
[48,49]. However, the preliminary processing
using kernel density estimation (KDE) may
distort the original shape of the curve of
cumulative distribution function (CDF), which
introduces additional bias. Subsequently, Weng
et al. proposed a Bayesian-based truncated
SGLD [50]. Although this method performs well
for heavier tail distributions, its applicability to
narrow-tailed distributions remains to be further
verified. To improve the approximation of
distribution tail regions, this paper proposes a
tail moment-based squared normal distribution.
The proposed method does not impose any
assumptions on the tail shape and therefore
exhibits strong adaptability in handling different
types of tail behaviors. Additionally, the method
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has a compact formulation and facilitates
practical implementation. The introduction of
tail moments helps mitigate the influence of the
full distribution and improves the efficiency of
extracting and  utilizing tail statistical
information.

The specific framework of this paper is as
follows: Section 2 presents the problem
formulation. Section 3 introduces the tail
moment-based squared normal distribution.
Section 4 demonstrates the application of the
proposed method, including the tail-region
fitting of a simple performance function, a
strongly nonlinear function, an implicit
performance function and a high-dimensional
performance function. Section 5 summarizes the
findings of this study.

2. Problem Description
Consider a structure characterized by an
n-dimensional  input  random  variables
X=[X,X,,...X,]”. The performance function of
the structure can be expressed as

Zg(X) (1)
where Z represents a new random variable
obtained by mapping the uncertainty of the input
random variable X through the performance
function g(-).
In many practical engineering scenarios,
particular attention is often devoted to the tail
region of the distribution, since extreme events
(e.g., structural failures) typically occur in this
region (e.g., <10""). Without loss of generality,
this study focuses on the left tail region of the
probability distribution of the performance
function, whose cumulative distribution function
(CDF) can be expressed as

FA-pZ<pleX<z]= e fr@dx ()

where f, (")

input random variables X.
By differentiating Eq. (2) with respect to z, the
probability density function (PDF) of the
random variable Z can be obtained as

O= ) €)
Egs. (2)-(3) typically lack a closed-form
analytical solution. Although various numerical
techniques have been developed to address this
issue, substantial challenges still remain. On one
hand, when the performance function involves
high-dimensional ~ random  variables or
computationally intensive models (e.g., finite
element models or nonlinear dynamic response
analyses), the computational process becomes

represents the joint PDF of the
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exceedingly complex and time-consuming, often
rendering the analysis infeasible within
acceptable computational resources. On the
other hand, accurately estimating the probability
of extreme events in the tail region remains a
long-standing challenge. Consequently,
achieving  substantial  improvements  in
computational efficiency while maintaining high
accuracy remains a critical research direction
that warrants further investigation.

3. Proposed tail Approximation Method

3.1 Sample-based Tail Moment Estimation

Central moments are only sensitive to the
one-sided tail, and the fitting error increases as z
approaches the farther tail region. To mitigate
this effect, tail moments are employed in this
study to construct the distribution of Z. For the
variable Z, its left tail moments are defined as

w= " xfi()dy (4a)
ot= ° (xp)*fi(x)dx  (4b)

apoi= ", G fi@dv (23) (do)
where p; denotes the first-order tail moment;
o; denotes the second-order tail moment; ay,
denotes the r-th standardized tail moment.
represents the threshold of the tail moments. In
general, = (0.5); L represents the transition
variable formed in this process, and () is the
distribution of L, i.e., the conditional distribution
ofZ (. ()= () ().
The above tail moment expressions can be
directly evaluated based on samples. For
example, the required samples may be efficiently
generated using the Latin Hypercube Sampling
(LHS) method. Compared with conventional
Monte Carlo simulation (MCS), LHS generally
exhibits better space-filling properties and higher
sampling efficiency. Assume that a set of
samples has been generated by LHS and sorted
in ascending order as: zi,zy,...,Z;,...,Zy, IV 1S total
sample size. The threshold ¢ can be readily
determined. Subsequently, the corresponding tail
moments are calculated by selecting the samples
falling within the target tail region. The first
three tail moments can be expressed as

_1 N
M=y 4G 2 (52)
2_ 1 N
OL7X, j:Ll Zj_HL) (5b)
1N (g
ML T oL ) (5¢)

where N denotes the number of samples in the
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target tail region; represents the samples

from the target tail region, should satisfy
>

3.2 Squared Normal Distribution

Furthermore, by using the input information, the
distribution of L can be directly constructed
based on the sample-based tail moments. Once L
is obtained, it can be directly mapped back to the
original variable Z. In this study, The squared
normal distribution combined with the first three

and «,,) is adopted to

obtain the distribution of L. This distribution is
constructed based on the following
transformation

(— ) =71()=+ + 2 (
where S7!(:) denotes the transformation
function; U represents a standard normal
variable; a b and c are the shape parameters.
The three parameters a b and ¢ in Eq. (6) are
determined by equating the first three moments
on both sides of the equations, which finally can
be specifically expressed as:

= ( 3)V2cos (ﬂ) (7a)

tail moments (

3
= (7b)
=v1— 2 (7¢)
where 8 = tan™! —‘8_GL32
ars )

The final CDF and PDF of Z can be expressed as
FA2=F0)® ([bP~4cla—z)-b)2c)  (8)
\/b2—4c(a—z5)—b]/2¢c
@ = R T )
L c(a—zs)
where =(C — ) ; ()and () are
the CDF and PDF of the standard normal
distribution.
To make the Eq. (8) and Eq. (9) operable, it need
be satisfied that for =0, — 2/4 <= <
for <O, Smin( - 2/4 )

4. Numerical Illustrations

4.1. Two-dimensional performance function
A simple two-dimensional performance function
is employed, as referenced in [51]. It can be
formulated as Eq. (10). This example is used to
investigate the performance of the proposed
method under different sample sizes and to
determine the final sample size adopted in this
study.

g(0=3 5= (X +X-20)*- = (X4X,) (10)
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where X;~N(0,1), X,~N(0,1)

This example is mainly used to investigate the
influence of sample size on the stability of tail
moments. To this end, sample sizes ranging from
200 to 1000 are considered, with an increment of
200 samples at each step. As shown in Fig. 1, it
can be observed that when the sample size is
small, not only the third-order tail moment
exhibits significant instability, but the first- and
second-order tail moments also show
considerable fluctuations (Table 1). As the
sample size increases, the instability of the tail
moments gradually decreases. Furthermore, Fig.
2 indicates that the sample size of 1000 can
provide a sufficiently good fitting performance.
Therefore, the recommended sample size can be
set as 1000.

Table 1. First Three Tail Moments Under
Different Samples for Case 1

Sample Size My oL Op3

200 -942.2643 191.7539 1.8014
400 -922.8246 147.5573  [1.2813
600 -923.5075 161.7629  1.4176
300 -926.4528 160.3804  -1.3499
1000 -926.6003 155.9351  1.3602

ary

-7
200 400 600 800 1000
Sample Size

Figure 1. Dependence Relationship of the
Third-order Tail Moment on Sample Size
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Figure 2. Distribution Tail of Case 1 under
Different Samples
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4.2 Strongly Nonlinear Performance Function
In the third example, a strongly nonlinear
performance function is studied from [52]. The
performance function is expressed as Eq. (11),
and the basic information of the random
variables is listed in Table 2.

()=5- _, —20%3-

2% Ao+ ysin( ) —2) (1)
Table 2. Basic Information of Random
Variables for Example 2
random variable  |distribution 0 c

X4 Normal 1.00 |0.10
X5 Normal 1.00 10.20
X3 Gumbel 1.00 [0.10
Xy Weibull 0.50 [0.10
X5~Xg Lognormal  2.00 |0.10
X7~X10 Normal 1.00 (0.10

In this case, the central moment-based squared
normal (CM-SN) method is selected for
comparative analysis. Both methods use the
same set of samples. As shown in Fig. 3(b), the
CM-SN method deviates from the MCS results
at the order of 10 in the CDF. In contrast, by
incorporating tail moments, the proposed
method improves the fitting accuracy in the tail
region. Such accuracy can be maintained down
to approx%rgately the order of 104,

0.025 -

0.02 1
-3
0 0.015
[

0.01 ¢

0.005 -

f |----—Proposed
|- = MCS

(b) CDF
Figure 3. Distribution Tail of Case 2

4.3 Implicit Performance Function

The third example involves a 12-story, three-bay
linear frame structure, as illustrated in the Fig. 4,
adapted from [53]. In this case, the

Copyright @ STEMM Institute Press

cross-sectional areas and horizontal loads are
considered as independent random variables,
with their fundamental statistical properties
summarized in the Table 3. The moment of
inertia of each section is denoted as [; = )\1Aiz

(}\1 = )\2 = )\3 = 008, )\4 = 027, )\5 = 02) and
the elastic modulus E is treated as deterministic,
E=2.0x 10’kN/m?> . The element types are
shown in Fig. 4. The quantity of interest is the
probability that the horizontal displacement at
node T (ur) exceeds the limiting value [u] = H/
500 = 0.096m, where H denotes the total height

of the 12-story frame. The corresponding
performance function is expressed as

gP(X)IO.O%—uT(X) . (12)

P 2 # 1 3 1 4 /ZD

P 2 4 1 4 1 4 2|

P 2 & 1 5 1 % 2

I P S PR

| P I PR

p 2 % 1 5 1 4 2, N

p 1 4+ 3 5 3 4+ 1 E

P PO Sz 4 1

P 1 * 3 5 3 * 1

P ] N T A

p s 51 % 1

104 35 [3 4 1

7.5m 3.5m 7.5m

Figure 4. Simplified Model of 12-Storey
Frame Structure
Table 3. Basic Information of Random

Variables for Example 4

random variable [distribution u c
Ay Lognormal [0.25 [0.10

A, Lognormal [0.16 |0.10

A, Lognormal [0.36 |0.10

Ay Lognormal [0.20 |0.10

As Lognormal [0.15 [0.10

P Gumbel 30.00 [0.15

In this case, the CM-SN method is employed for
comparative analysis. Fig. 5 illustrates the PDF
and CDF fitting results. The performance of the
CM-SN method deteriorates rapidly starting
from approximately the order of 102, In contrast,
the proposed method achieves an approximation
accuracy up to the order of 10°. Moreover, a
comparison of the failure probability estimates
in Table 4 further demonstrates that the proposed
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method provides higher accuracy than the

original CM-SN method.

——CM-SN
- Proposed

MCS

0 -
-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02

(a) PDF

——CM-SN
, | |-==~Proposed
107 - - .MCS

107!

Log-CDF

2 -0.15 -0.1 -0.05 0

(b) CDF
Figure 5. Distribution Tail of Case 3
Table 4. Failure Probability Estimation

Results for Case 3
CM-SN Proposed MCS
% 0.0824 0.0770 0.0759
error  [8.5639% 1.4493%

4.4 High-Dimensional Performance Function
The fourth example [54] concerns a thin, solid
square plate commonly used in the field of
stochastic finite element analysis, aiming to
demonstrate the applicability of the proposed
method to high-dimensional stochastic input
problems. As illustrated in Fig. 6, the lower edge
of the plate is fixed, while the opposite edge is
subjected to a uniform tensile load. The plate
dimensions are setas Ly =1, Ly =1 and t=1.
The Poisson’s ratio of the material is taken as 0.
The plate is discretized into 16 four-node
quadrilateral finite elements. The uniformly
distributed load q is deterministic with a unit
magnitude. The Young’s modulus E is modeled
as a two-dimensional Gaussian random field
with a known mean up and standard deviation
og, expressed as follows:

E(x,y) = Ug[1 + a(x,y)] (13)
where a(x,y) represents a zero-mean Gaussian
random field characterized by the following
autocovariance function:

C(X,y)=0%exp (_ |X1b*]>’1 | |X2b*2>’2|) (14)

where ; and , are the correlation length
parameters. The parameters involved are
specified as ug=1, 05=0.1, and b=b,=0.5. By
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employing the  Karhunen-Loéve (K-L)
expansion, the random field can be
approximated by a truncated series of the
following form as

axy) = /A8 Y) (15)
where n denotes the number of truncated terms;
A and Q are the eigenvalues and eigenfunctions
of the autocovariance function, respectively; and
6 are independent standard normal random
variables. In this study, a total of 150 truncated
terms (n=150) are employed in the K-L
expansion.

The final performance function is defined as
follows:

g(X)=Ay—As3 (16)
where ,3 is the vertical displacement at node
23, and is a deterministic threshold value set
to 1.25.

Figure 6. Simplified Model of Thin Solid
Square Plate
In this high-dimensional stochastic input case, a
comparative analysis is conducted between the
CM-SN method and the proposed method. As
shown in the CDF curves in Fig. 7(b), using the
same samples, the CM-SN method remains
effective only up to approximately the order of
102, beyond which it exhibits a pronounced
underestimation of probabilities. In contrast, the
proposed method maintains good agreement
with the MCS results over the entire CDF range,
demonstrating the accurate reconstruction of the
distribution in the tail region. Furthermore, in
Table 5, the failure probability is on the order of
104, the CM-SN method shows significant
deviation. In contrast, the proposed method
yields results that are closely consistent with
those obtair(led from MCS.
——CM-SN

5 | [ Proposed
MCS

t«J(l_l -0.05 0 0.05 0.1 0.15 01.2
(a) PDF
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1
——CM-SN

107

—--Proposed

102} - - .MCS

Log-CDF

-0.2 -0.1 0 0.1 0.2

(b) CDF
Figure 7. Distribution Tail of Case 4
Table 5. Failure Probability Estimation

Results for Case 4
CM-SN Proposed  [MCS
P |3.4821x107* |5.19x107* |5.18x107*
error [32.7780% 0.1931%

5. Conclusion

In this study, a novel probability density
estimation approach is developed, which
provides the robust and accurate evaluation of
the distribution tail regions of interest. The
principal contributions of this work can be
summarized as follows:

(1) A tail moment-based squared normal
distribution is developed to specifically
characterize the tail region of interest. The
proposed method offers high flexibility without
imposing any assumptions on the tail behaviors
of a distribution. This method overcomes the
limitation of conventional central moment-based
approaches, which are typically sensitive only to
one-sided tail region. Moreover, it improves the
accuracy of probability estimation.

(2) The proposed method attains the same level
of efficiency as over one hundred thousand MCS
runs with only a thousand samples, leading to a
substantial reduction in computational cost. The
design threshold enables more samples to
participate in the evaluation of the first three tail
moments, thereby maintaining the relative
stability of the assessment results.

(3) In this study, the wide applicability of the
method is systematically validated through
representative cases characterized by strong
nonlinearity, implicit functional relationships,
and high-dimensional random inputs. The results
demonstrate that the proposed method can
achieve accuracy comparable to that of the MCS,
while requiring significantly less computational
effort, highlighting its strong potential for
efficient and reliable estimation of rare event
probabilities in complex engineering systems.
Future research can be directed toward two main
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aspects: (1) integrating or developing more
robust sampling strategies to enhance the
stability of tail moment estimation; (2)
investigating and utilizing higher-order tail
moments and reconsider the design threshold to
enable the acquisition of extremely small
probabilities and flexible construction of
distribution tails with diverse forms.
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